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Closed-Loop System Identi� cation by Residual Whitening
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The accuracy of the system model during the identi� cation process for dynamic systems under closed-loop
operation is studied. The simulation results show that most of the model error comes from the approximated
system description by using a � nite difference model called the autogressive with exogeneous input model. Then
the residual whitening method is proposed to improve the model accuracy. An iterative procedure for minimizing
and whitening the residual of the autogressive movingaveragewith exogeneous input (ARMAX) model is provided.
Numerical simulations of a highly unstable, large-gap magnetic suspension system are presented to validate the
proposed residual whitening method.

Introduction

S YSTEM identi� cation is a process of determining the model
structure and parameters of a system. Through system identi-

� cation, one can derive a mathematical model for the system and
design a controller to reach the desired performance.Most existing
system identi� cation methods1 ¡ 4 apply for stable systems without
requiring feedback control for identi� cation purpose. For identify-
ing marginally stable or unstable systems, feedback control is re-
quired to ensureoverallsystemstability.Recently,Huang et al.5 pro-
posed an indirectmethod to identify unstable systems with a known
feedback controller under closed-loop operation. It includes four
steps in the identi� cation process: 1) Estimate the closed-loopauto-
gressive with exogeneous input (ARX) model coef� cient matrices.
2) Compute the closed-loop system and Kalman � lter Markov pa-
rameters from the estimated coef� cient matrices. 3) Compute the
open-loop system and Kalman � lter Markov parameters from the
closed-loop system and Kalman � lter Markov parameters and con-
troller Markov parameters calculated from the known controller
dynamics. 4) Realize the open-loop system matrices and Kalman
� lter gain from the open-loop system and Kalman � lter Markov
parametersby using the eigensystemrealizationalgorithm(ERA).2

The ARX model is one of the simplest input–output descriptions
and is basicallya linear � nite differenceequation.In some literature
it is also called an error equation model. The � rst objective of this
paper is to � nd out where the model error is induced in the afore-
mentioned identi� cation processes, so that the model accuracy can
be improved. It turns out the truncation of the approximated ARX
coef� cient matrices generates the major error.

Recently, Phan et al.6,7 and Juang and Phan8 introduceda method
to improveobserver/Kalman � lter identi� cation (OKID) by residual
whitening for an open-loop system, and the resultant residual is
minimized, uncorrelated with the input and output data, and also
white. This method uses a direct system identi� cation approach
and usually applies for open-loop systems. The second objective
of this paper is to extend this work to indirectly identify systems
under closed-loop operations by whitening the residual during the
estimation of the closed-loop ARX model coef� cient matrices. In
this approach,however,one uses a closed-loopautogressivemoving
average with exogeneous input (ARMAX) model that contains the
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noise dynamics by the moving averaging terms instead of using
the ARX model. Finally, an example of identifying an unstable,
large-gap magnetic suspension system is provided with numerical
simulations to illustrate the improvement of the proposed indirect
identi� cation method.

Algorithm for Closed-Loop System Identi� cation
A � nite dimensional,linear,discrete-time,time-invariantstochas-

tic system can be expressed as

xk + 1 = Axk + Buk + wk (1)

yk = Cxk + m k (2)

where xk 2 Rn £ 1 is the state vector, u 2 Rni £ 1 is the signal input
vector, and y 2 Rno £ 1 is the output vector; [A, B, C] are the system
matrices. The sequences of process noise w 2 Rn £ 1 and measure-
ment noise m 2 Rno £ 1 are assumed white, Gaussian, and zero mean.
The noises w k and m k are also assume uncorrelatedwith covariance
Q and R, respectively.

Equations (1) and (2) can also be expressed as2

x̂k + 1 = Ax̂k + Buk + AK e k (3)

yk = C x̂k + e k (4)

where e k 2 Rno £ 1 is the output residual with e k = yk ¡ ŷk . It is zero
mean, white, and Gaussian; x̂k and ŷk are the estimated state and
output, respectively. K 2 Rn £ no is the steady-state Kalman � lter
gain.The existenceof K is guaranteedif the systemis detectableand
( A, Q1/ 2) is stabilizable.The Kalman � lter in this case is equivalent
to the Wiener � lter.

For unstable systems, a dynamic feedback controller is added to
ensure the system’s stability.A dynamic feedback controller can be
expressed as5

pk + 1 = Ad pk + Bd yk (5)

uk = Cdpk + Dd yk + rk (6)

where pk , rk , [Ad Bd Cd Dd ] are the controller state, reference
input to the closed-loop system, and state-space matrices of the
controller, respectively.Taking Eqs. (3–6) together, the augmented
closed-loop system dynamics becomes

g k + 1 = Ac g k + Bcrk + Ac Kc e k (7)

yk = Cc g k + e k (8)
406
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where

g k =

µ
x̂k

pk

¶
, Ac =

µ
A + B Dd C BCd

BdC Ad

¶
, Bc =

µ
B

0

¶

Ac Kc =

µ
AK + B Dd

Bd

¶
, Cc = [C 0]

It can be shown that5

yk =
qX

i = 1

ci yk ¡ i +
qX

i = 1

di rk ¡ i + e k (9)

where

ci = Cc Āi ¡ 1
c Ac Kc , di = Cc Āi ¡ 1

c Bc , i = 1, 2, . . . , q

Āc = Ac ¡ Ac KcCc (10)

Equation (9) is the closed-loop ARX model that directly rep-
resents the relationship between the reference input and output of
the closed-loop system. Here, q is the closed-loop system ARX
model order, and ci and di are the closed-loop ARX model param-
eters used to � nd the closed-loopsystem and Kalman � lter Markov
parameters. Suppose that there are N given data points of yk and
rk , k =0, 1, . . . , N ¡ 1, the indirect closed-loop system identi� ca-
tion includes the following four steps.5

1) Estimate the coef� cient matrices of the ARX model from the
closed-loop input/output data. The batch least-squares solution for
estimating the parameters ci and di is

h clid = Y V T (V V T ) ¡ 1 (11)

where

Y = [y0 y1 . . . yq . . . yN ¡ 1]

h clid =
£
d1 c1 ¢ ¢ ¢ dq cq

¤

V =

2

6664

0 r0 . . . rq ¡ 1 . . . rN ¡ 2

0 y0 . . . yq ¡ 1 . . . yN ¡ 2
. . . . . . . . . . . . . . . . . .
0 0 0 r0 . . . rN ¡ q ¡ 1

0 0 0 y0 . . . yN ¡ q ¡ 1

3

7775

2) Compute the closed-loop system and Kalman � lter Markov
parameters from the estimated coef� cient matrices ci and di of the
closed-loop ARX model:

Yc(k) = dk +
kX

i = 1

ci Yc(k ¡ i ) (12)

Nc(k) =
kX

i = 1

ci Nc(k ¡ i ) (13)

Also note that Yc(0) =0, and Nc(0) = I , and ci = di =0 when i > q.
3) By using the closed-loop system Markov parameters Yc(k)

and the Kalman � lter Markov parameters Nc(k), as well as the
knowncontrollerMarkovparametersYd (k), onecanderivetheopen-
loop system Markov parametersY (k) =C Ak ¡ 1 B and Kalman � lter
Markov parameters N (k) =C Ak ¡ 1 AK :

Y ( j ) = Yc( j ) ¡
jX

k = 1

kX

i = 1

Y (i )Yd (k ¡ i )Yc( j ¡ k) (14)

N ( j ) = Nc( j ) ¡
jX

k = 1

kX

i = 1

Y (i )Yd (k ¡ i )Nc( j ¡ k) (15)

Note that Yc(0) =0, and Nc(0) = I .
4) Use the ERA method to realize the open-loop system matrices

and recover the open-loop Kalman � lter gain.

Error Development During the Identi� cation Process
The identi� cation process and its error detection for the Markov

parameters are described in Fig. 1. Given the analytical system,
[A B C], one can produce y and r , from which the ARX model
coef� cients, closed-loop, and then open-loop Markov parameters
and the identi� ed system matrices [Ai Bi Ci ] can be computed
by using the four steps described in the last section. From the an-
alytical model and the identi� ed model one can calculate directly
the open-loop Markov parameters, so that one gets three sets of
open-loopMarkov parameters and three sets of closed-loopMarkov
parameters. Comparing the Markov parameters obtained from the
analytical model with the identi� ed Markov parameters, one can
quantify the total error of the system identi� cation process. Com-
paring the Markovparameterscalculatedfrom the ARX model, with
the Markov parameters from the identi� ed system, one can get the
error composed by the noise in� uence and the system identi� ca-
tion steps following the computation of the ARX model. Several
comparisons between identi� ed and calculated Markov parameters
are presented. The system used for the simulations is a large-gap
magneticsuspensionsystemfor validatingthe indirectidenti� cation
methods.5

Three sets of closed-loop Markov parameters can be computed
using the diagramshown in Fig. 2. To ensure that an ef� cient identi-
� cation is utilized the ARX model order and the data length have to
be optimized � rst. The optimal model order is determined by using
a variable ARX model order and noise variance. The error devia-
tion of the � rst 30 Markov parameters is computed for every data
pair. Therefore, the error between the � rst 30 true and reconstructed
open-loop system Markov parameters is de� ned as

30X

i = 1

k Ĉ Âi ¡ 1 B̂ ¡ C Ai ¡ 1 B k F

k C Ai ¡ 1 B k F

(16)

where thecaretdenotesthe reconstructedones,the F normis de� ned
as k X k F =

p
[tr(X T £ X )], and X is a matrix.

Fig. 1 Block diagram for computing model errors during the identi� -
cation process.

Fig. 2 Comparison of the closed-loop Markov parameters.
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Table 1 Error percentage of the closed-loop system
Markov parameters

Noise, Y c
an ¡ Y c

id , Y c
an ¡ Y c

arx , Y c
arx ¡ Y c

id ,
% % % %

0.01 0.7156 0.7631 0.4125
1.0 6.7190 7.5804 3.3978
5.0 12.507 13.629 6.8302
10.0 17.756 19.275 9.4349
15.0 24.655 26.647 11.847
20.0 27.262 30.700 13.033

Table 2 Error percentage of the open-loop system
Markov parameters

Noise, Yan ¡ Yarx, Yan ¡ Yid , Yarx ¡ Yid ,
% % % %

0.01 0.4074 0.4085 0.0303
1.0 3.0263 3.0134 0.2441
5.0 5.1982 5.4720 0.5036
10.0 7.2277 7.1515 0.7069
15.0 10.913 11.275 0.8563
20.0 24.169 25.790 0.8967

Simulationsusingan ARX modelorder of 14 providegood results
for moderate to high noise levels. The determination of the data
length is performed in an analogfashion,and, while the ARX model
order is keptat 14, thenoise level is varied.The data lengthis set to be
5000. To compare the closed-loopMarkov parameters, six different
noise levels are used. The result shown in Table 1 are averagevalues
of 20 simulationruns for the Large Angle MagneticSuspensionTest
Facility. The error between the analytical (Y c

an) and identi� ed (Y c
id)

Markov parameters and the analytical and the closed-loop Markov
parameter derived from the estimated ARX model coef� cients Y c

arx
are almost the same. However, the last column shows that the error
is signi� cantly lower for the ARX-model Markov parameters and
the identi� ed closed-loop Markov parameters. The error of Y c

an and
Y c

id is slightly smaller for all noise cases than the error of Y c
an and

Y c
arx . This must be associated with the situation in which during the

ERA a set of singularvalues are selected,based on their magnitude,
and the remainingset of singularvaluesare truncated.The truncated
singular values are associated with noise and, therefore, ERA can
be regarded as a � lter.

The calculated error percentageof the open-loop system Markov
parameters are shown in Table 2. The result indicates the same
trend found in Table 1. It is concluded that a major contribution
of the error in the system identi� cation process is introduced by
the approximated system description of the ARX model. The error
developed during the process of computing the identi� ed system
matrices from the identi� ed open-loopMarkov parameters is negli-
gibly small, even with high measurement and process noise levels.
The effectof ERA to the open-loopsystem Markov parametererrors
is not re� ected for the cases with higher noise values. The effects
of ERA to the accuracy of the system description and the different
values of error in the closed-loopand open-loopMarkov parameters
will be the subject of future studies.

Residual Whitening
In this section, the residual whitening method is introduced to

reduce the model error generated by the approximated system de-
scription of the ARX model. First, Eq. (7) is arranged to reduce the
ARX model order number. A new model (ARMAX) for describing
the relationshipbetween input and output is proposed.Then we use
the minimization of the least-squares error of the residual term for
whitening.After whitening the residual of the closed-loopARMAX
model parameters, one can recover the open-loop system Markov
parameters.

To reduce the required model order number, the term Myk is
added and subtracted to the right-hand side of Eq. (7) to yield

g k + 1 = Ac g k + Bcrk + Ac K c e k + Myk ¡ Myk

= Ac g k + Bcrk + Ac Kc e k + M(Cc g k + e k ) ¡ Myk

= (Ac + MCc) g k + ( Ac Kc + M ) e k + Bcrk ¡ Myk (17)

and

yk = Cc g k + e k (18)

Now the new relationship of reference input and output becomes

yk =
1X

i = 1

Cc Ãi ¡ 1
c ( ¡ M)yk ¡ i +

1X

i = 1

Cc Ãi ¡ 1
c Bcrk ¡ i

+
1X

i = 1

Cc Ãi ¡ 1
c M̄ e k ¡ i + e k (19)

where

Ãc = Ac + MCc, M̄ = M + Ac Kc (20)

Make Ãc asymptotically stable, so that Ãi ¡ 1
c ¼ 0 if i ¸ p for a suf-

� cient large number p. Then Eq. (19) becomes

yk =
pX

i = 1

h i yk ¡ i +
pX

i = 1

ti rk ¡ i +
pX

i = 1

si e k ¡ i + e k (21)

where

hi = Cc Ãi ¡ 1
c ( ¡ M), ti = Cc Ãi ¡ 1

c Bc, si = Cc Ãi ¡ 1
c M̄

i = 1, 2, . . . , p

Equation (21) is an ARMAX model containing the dynamics of
residual that is different from Eq. (9).

In thecaseof theopen-loopsystem,onecanwrite6 the relationship
of input and output as

yk =
1X

i = 1

C Āi ¡ 1( ¡ Mo)yk ¡ i +
1X

i = 1

C Āi ¡ 1 Buk ¡ i

+
1X

i = 1

C Āi ¡ 1 M̄o e k ¡ i + e k (22)

where

Ā = A + MoC , M̄o = Mo + AK

Similarly, make Ā asymptoticallystable, so that Āi ¡ 1 ¼ 0 if i ¸ po

for a suf� cient large number po . Then Eq. (22) becomes

yk =
poX

i = 1

hoi yk ¡ i +
poX

i = 1

toi uk ¡ i +
poX

i = 1

soi e k ¡ i + e k (23)

where

hoi = C Āi ¡ 1( ¡ Mo), toi = C Āi ¡ 1 B, soi = C Āi ¡ 1 M̄o

i = 1, 2, . . . , po

Equation (23) is the ARMAX model of the open-loopsystem.When
looking at Eqs. (21) and (23), one can see the difference of the
coef� cients of the ARMAX models in both open-loop and closed-
loop cases.

As stated in Eq. (19), Ãc = Ac + MCc , and the matrix M is used to
make the new system (17) and (18) more stable than the originalone
in Eqs. (7) and (8). It canespeciallybeused to reducethe requirement
of ARMAX model order p. In the original system (7) and (8), Kc

is working as an observer gain that includes Kalman � lter gain K .
We do not want to lose the information about the Kalman � lter by
making the observerequationmore stable than the � lter. The matrix
M , however, could be chosen such that Ãc = Ac + MCc is as stable
as it could be without losing the Kalman � lter information. In other
words, we can choosean appropriatematrix M to limit the ARMAX
model order number which need not be several times larger than the
true order of the system.
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Suppose there are N data points of yk and rk given, k =0, 1, . . . ,
N ¡ 1. De� ne

h = [t1 h1 ¢ ¢ ¢ t p h p], W = [s1 s2 ¢ ¢ ¢ s p]

W =

2

664

0 e 0 e 1 ¢ ¢ ¢ e p ¡ 1 ¢ ¢ ¢ e N ¡ 2

0 0 e 0 ¢ ¢ ¢ e p ¡ 2 ¢ ¢ ¢ e N ¡ 3

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
0 ¢ ¢ ¢ ¢ ¢ ¢ 0 e 0 ¢ ¢ ¢ e N ¡ p ¡ 1

3

775

R = [e 0 e 1 ¢ ¢ ¢ e N ¡ 1]

Then Eq. (21) could be written in a matrix form

Y = h V + W W + R (24)

where Y and V are the same as in Eq. (11).
The residual vector R equals

R = Y ¡ h V ¡ W W

= Y ¡ [h W ]

µ
V

W

¶
(25)

The cost function

J =
N ¡ 1X

k = 0

e T
k e k = tr(RRT ) (26)

Assuming the residual matrix W is available at this moment, then
the least-squares solution of the parameters ˆh and ˆW that minimize
the cost function J is

[ ˆh ˆW ] = Y

µ
V

W

¶+

= Y [V T W T ]

µ
V V T V W T

W V T WW T

¶ ¡

(27)

One can derive the parameter ˆh to be a sum of ordinary least squares
indirect closed-loop identi� cation and a bias term.6 Hence, one can
write

ˆh = h LS ¡ h bias (28)

ˆW = (Y ¡ h LSV )W T [W W T ¡ W V T (V V T ) ¡ 1V W T ] ¡ (29)

where

h LS = Y V T (V V T ) ¡ 1 , h bias = ˆW W V T (V V T ) ¡ 1

Following is the iteration procedure for whitening the residual.
1) Estimate the initial coef� cient parameters h of the closed-loop

ARMAX model h LS . The other parameter W is assumed to be zero
in the beginning:

ˆh LS = Y V T (V V T ) ¡ 1, ˆW 0 = 0

2) Compute the initial residual sequence R̂0

R̂0 = Y ¡ ˆh LSV

3) Compute Ŵ0 , which is a function of R̂0, Ŵ0 = Ŵ ( R̂0). Update
ˆW 1 and ˆh 1 by the following equations:

ˆW 1 = (Y ¡ ˆh LSV )Ŵ T
0

£
Ŵ0Ŵ T

0 ¡ Ŵ0V T (V V T ) ¡ 1V Ŵ T
0

¤ ¡ 1

ˆh 1 = h LS ¡ ˆh bias
1 = h ¡ ˆW 1Ŵ0V T (V V T ) ¡ 1

4) Generate a new sequence of R̂1:

R̂1 = Y ¡ ˆh 1V ¡ ˆW 1Ŵ0

5) Iterate the procedure from step 3 to step 4 by generating the
new residual matrix Ŵ1 and using the updated parameters ˆh 1 and
ˆW 1, so that the next cycle is calculated as follows, for example,

ˆW 2 = (Y ¡ ˆh LS)Ŵ T
1

£
Ŵ1Ŵ T

1 ¡ Ŵ1V T (V V T )V Ŵ T
1

¤ ¡

and

ˆh bias
2 = ˆW 2Ŵ1V T (V V T ) ¡ 1, ˆh 2 = ˆh LS ¡ ˆh bias

2

Recover System Matrices and Kalman Filter Gain
After having obtained the ARMAX model estimated parame-

ters h and W , one can use the estimated coef� cients to construct
the closed-loop system Markov parameters Yc(k) =Cc Ak ¡ 1

c Bc ,
Kalman � lter Markov parameters Nc(k) =Cc Ak ¡ 1

c Ac Kc , and
Ymc(k) =Cc Ak ¡ 1

c M , k =1, 2, . . . , p, p + 1, . . . . Note that Yc(0) =
0, Nc(0) = I , and ti =h i = si =0, when i > p, where p is the
ARMAX model order and where ti , h i , and si are the estimated
ARMAX model parameters.

Remember that

h = [t1 h1 ¢ ¢ ¢ tp h p], W = [s1 s2 ¢ ¢ ¢ sp ]

Ãc = Ac + MCc, M̄ = M + Ac Kc , h i = Cc Ãi ¡ 1
c ( ¡ M)

ti = Cc Ãi ¡ 1
c Bc, si = Cc Ãi ¡ 1

c M̄ , i = 1, 2, . . . , p

One can � rst obtain the Markov parameters sequence Yc(k) =
Cc Ak ¡ 1

c Bc and Ymc(k) = Cc Ak ¡ 1
c M by following

Yc(k) = tk +
kX

i = 1

hi Yc(k ¡ i ) (30)

Ymc(k) = ¡ hk +
k ¡ 1X

i = 1

h i Ymc(k ¡ i ) (31)

Next, for the closed-loop Kalman � lter Markov parameters Nc =
Cc Ak ¡ 1

c Ac Kc , it is derived from both estimated parameters h and
W . Note that

h1 + s1 = Cc( ¡ M ) + Cc(M + Ac Kc) = Cc Ac Kc

which is equal to Nc(1)

Nc(1) = h1 + s1 (32)

To obtain Nc(2), one can use

h2 + s2 = Cc( Ac + MCc)Ac Kc = Nc(2) ¡ h1 Nc(1)

to yield

Nc(2) = h2 + s2 + h1 Nc(1) (33)

Similarly, one can � nd Nc(3) by following

h3 + s3 = Cc A2
c Ac Kc + Cc MCc Ac Ac Kc + Cc Ãc MCc Ac Kc

= Nc(3) ¡ h1 Nc(2) ¡ h2 Nc(1)

to yield

Nc(3) = h3 + s3 + h1 Nc(2) + h2 Nc(1) (34)

By induction, one can show that the sequence Nc(k) equals

Nc(k) = hk + sk +
k ¡ 1X

i = 1

h i Nc(k ¡ i ) (35)

Then, by using the closed-loop system Markov parameters Yc(k),
the Kalman � lter Markov parameters Nc(k), and the known con-
troller Markov parameters Yd (k), one can derive the open-loop sys-
tem MarkovparametersY (k) = C Ak ¡ 1 B and Kalman � lter Markov
parameters N (k) =C Ak ¡ 1 AK from Eqs. (14) and (15).
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Numerical Simulations
In this section, the large-gap magnetic suspensionsystem is used

as an example for whitening residual. The system is described in
Ref. 5 and the discrete-timesystem model is shown in the Appendix.
In numerical simulations, the model order number for both ARX
(for closed-loop system identi� cation) and ARMAX (for residual
whitening models) is evaluated at 7 and 15, and the process and
measurementnoise (variance) varies from 0.01 to 20%. The number
of data points is 5000. After the nonwhitening closed-loop system
identi� cation (CLID) and its residual whitening (CLID/RW) are
performed, both sets of the open-loop system Markov parameters
of the identi� ed models are reconstructed. To evaluate the accu-
racy of the identi� ed result, the reconstructed Markov parameters
are compared with the true ones. Because there are � ve inputs and
� ve outputs in this system, each open-loop system Markov param-
eter is a 5 £ 5 matrix. To compare two matrices, F norm is used as
shown in Eq. (16). Tables3 and4 show the errorof open-loopsystem
Markov parametersof nonwhiteningone (Y CLID ) and whiteningone
(Y CLID/ RW) compared with the true one (Yan ). The CLID/RW solu-
tion is obtained after four cycles of iteration. Figures 3–6 show the
plots of convergenceof whitened residual norm and autocorrelation
of the whitened residual. In Table 3, the residual whitening method
has a better result than the one without whitening when the model
order equals 7. In Table 4, however, there is no difference between
these two methods when the model order is 15. For a longer model
order, because the original residual is almost whitened, one can-

Table 3 Error percentage of the open-loop system
Markov parametersa

Noise Yan ¡ Y CLID , Yan ¡ Y CLID/ RW ,
(variance), % % %

0.01 1.0334 1.0234
1 15.4462 9.9266
5 34.4472 14.3700
10 44.7847 23.7707
15 49.2913 34.8206
20 56.5067 38.4626

aModel order for ARX or ARMAX = 7.

Table 4 Error percentage of the open-loop system
Markov parametersa

Noise Yan ¡ Y CLID , Yan ¡ Y CLID/ RW ,
(variance), % % %

0.01 0.9066 1.0250
1 8.8467 9.5389
5 12.3540 13.0617
10 21.4697 21.0527
15 29.3945 30.8258
20 30.9603 30.8680

aModel order for ARX or ARMAX = 15.

Fig. 3 Convergence of whitened residual norm for ARX or
ARMAX = 7.

Fig. 4 Autocorrelation of whitened residual for ARX or ARMAX = 7.
¢ ¢ ¢ ¢ ¢ , CLID and ——, CLID/rw.

Fig. 5 Convergence of whitened residual norm for ARX or ARMAX =
15.

Fig. 6 Autocorrelationof whitened residual for ARX or ARMAX = 15.
¢ ¢ ¢ ¢ ¢ , CLID and ——, CLID/rw.

not improve the result by residual whitening. From the simulation
results, the residuals can be quickly whitened after one iteration.
This fast convergence rate is also observed in open-loop systems.6

However, as compared with the open-loop systems,6 the residual
whitening process does not improve the residual norm too much. It
seems that accuracy improvement is mainly due to the exploitation
of the ARMAX model for the closed-loop systems. Further study
on the convergence rate and the effects of the ARMAX model and
residualwhitening for both open-loopand closed-loopsystems will
be interesting.

Conclusions
It has been shown that the accuracy of the system model during

the identi� cation process is related to the model error resulted from
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the approximated � nite difference model. For a stochastic, time-
invariant, closed loop system, a method for residual whitening has
been introduced.The residualwhiteningof the auto-regressivemov-
ing average with exogenous input model improves the accuracy of
the identi� ed system model. Numerical simulation results show that
for systems, which have to be modeled with a restricted number of
model parameters, the residual whitening approach results in more
accurate system identi� cations.

Appendix: State-Space Model of Large-Gap Magnetic
Suspension System and Dynamic Feedback Controller
The discrete time state-space parameters of the large-gap mag-

netic suspensionsystem are shown for sampling rate of 250 Hz. The
� nite-dimensional, linear, discrete-time, time invariant stochastic
system can be expressed as

xk + 1 = Axk + Buk + wk , yk = Cxk + m k

A = [A11 A12]

A11 =

2

6666666666666664

1.1687 0.0006 ¡ 0.0000 0.0000 0.0000

¡ 0.0000 1.1629 ¡ 0.0000 ¡ 0.0000 ¡ 0.0000

¡ 0.0000 0.0001 1.0178 ¡ 0.0017 ¡ 0.0037

¡ 0.0000 0.0000 0.0001 1.0051 0.0001

0.0000 0.0002 ¡ 0.0004 0.0008 1.0106

0.0000 ¡ 0.0000 ¡ 0.0021 ¡ 0.0240 0.0005

0.0000 ¡ 0.0001 ¡ 0.0064 ¡ 0.0001 ¡ 0.0213

¡ 0.0000 ¡ 0.0000 0.0109 ¡ 0.0009 ¡ 0.0045

0.0000 ¡ 0.0000 ¡ 0.0086 0.0009 0.0032

0.0000 ¡ 0.0000 0.0004 0.0002 0.0006

3
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A12 =

2

6666666666666664

0.0000 0.0000 ¡ 0.0000 ¡ 0.0000 ¡ 0.0633

¡ 0.0000 0.0000 ¡ 0.0000 0.0000 ¡ 0.0396

0.0021 0.0074 ¡ 0.0127 0.0112 0.0254

0.0295 0.0006 0.0015 ¡ 0.0011 ¡ 0.0218

¡ 0.0018 0.0223 0.0066 ¡ 0.0039 ¡ 0.0242

0.9908 0.0028 ¡ 0.0010 0.0003 ¡ 0.0154

¡ 0.0041 0.9692 0.0064 0.0004 ¡ 0.0066

0.0021 0.0050 0.9260 ¡ 0.0549 0.0625

0.0009 0.0031 ¡ 0.0589 0.9125 0.1245

0.0012 0.0545 ¡ 0.0002 ¡ 0.0002 ¡ 0.1009

3

7777777777777775

B =

2

6666666666666664

0.0035 0.0706 0.0519 ¡ 0.0363 ¡ 0.0633

¡ 0.0434 ¡ 0.0326 ¡ 0.0340 ¡ 0.0425 ¡ 0.0396

0.0580 ¡ 0.0454 0.0983 ¡ 0.0361 0.0254

¡ 0.0926 ¡ 0.0315 0.0881 0.0865 ¡ 0.0218

0.1160 0.0124 0.0263 0.0982 ¡ 0.0242

¡ 0.1015 ¡ 0.0368 0.1033 0.0854 ¡ 0.0154

0.1373 0.0057 0.0719 0.0859 ¡ 0.0066

¡ 0.0159 ¡ 0.0637 ¡ 0.1326 0.1165 0.0625

0.0158 ¡ 0.1531 ¡ 0.0261 0.0041 0.1245

¡ 0.0484 ¡ 0.0800 ¡ 0.0513 ¡ 0.0553 ¡ 0.1009

3
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C = [C11 C12]

C11 =

2

6666664

¡ 0.0313 0.4029 ¡ 0.0469 0.2269 ¡ 0.0381

0.0291 ¡ 0.4213 0.0006 0.2248 0.0290

¡ 0.4423 0.1071 0.1809 0.0553 0.0669

¡ 0.4254 ¡ 0.1184 ¡ 0.1787 ¡ 0.0092 ¡ 0.0829

0.4495 ¡ 0.0763 0.0754 0.0273 ¡ 0.1861

0.3889 0.1015 ¡ 0.0614 0.0085 0.1739

3
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C12 =

2

6666664

¡ 0.1961 0.1274 ¡ 0.0363 0.0198 ¡ 0.1513

¡ 0.2097 ¡ 0.1079 ¡ 0.0130 0.0297 0.1502

¡ 0.0618 ¡ 0.0906 ¡ 0.0418 ¡ 0.2228 ¡ 0.0472

0.0200 0.1217 ¡ 0.2197 ¡ 0.0559 0.0630

¡ 0.0400 0.1239 0.2109 0.0827 0.0464

0.0012 ¡ 0.1277 0.0386 0.1913 ¡ 0.0634

3

7777775

For simulation, the discrete-time state-space parameters of dynam-
ics output feedback controller can be modeled as

pk + 1 = Ad pk + Bdyk , uk = Cd pk + Ddyk + rk

These matrices are

Ad =

2

66664

0.3333 0 0 0 0

0 0.3333 0 0 0

0 0 0.6000 0 0

0 0 0 0.6000 0

0 0 0 0 0.6000

3
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Bd =
2

66664

¡ 0.0206 0.0206 0 0 0 0

0 0 ¡ 0.0098 ¡ 0.0098 0.0098 0.0098

0 0 0.0003 ¡ 0.0003 ¡ 0.0003 0.0003

0 0 ¡ 0.0003 0.0003 ¡ 0.0003 0.0003

0.0004 0.0004 0 0 0 0

3

77775

Cd = 1.0e + 03

£

2

66664

0.0796 0.0000 7.3872 0.0000 ¡ 5.5493

0.1032 0.0716 ¡ 5.9772 4.3222 ¡ 1.7160

0.0886 0.0442 2.2836 ¡ 6.9917 4.4907

0.0886 ¡ 0.0442 2.2836 6.9917 4.4907

0.1032 ¡ 0.0716 ¡ 5.9772 ¡ 4.3222 ¡ 1.7160

3

77775

Dd =
2

66664

10.8171 3.9903 ¡ 7.0133 7.0133 7.0133 ¡ 7.0133

6.7151 ¡ 2.1362 11.2687 ¡ 8.3349 ¡ 3.0144 0.0807

¡ 2.1923 ¡ 9.7904 ¡ 7.9381 9.7505 ¡ 5.4144 3.6020

¡ 2.1923 ¡ 9.7904 3.6020 ¡ 5.4144 9.7505 ¡ 7.9381

6.7151 ¡ 2.1362 0.0807 ¡ 3.0144 ¡ 8.3349 11.2687

3
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